In this paper, first, we introduce the condition (BP) which is weaker than the completely continuous mapping in Banach spaces. Second, we consider a simple iteration and prove some strong convergence theorems of the proposed iteration for an asymptotically nonexpansive nonself-mapping with the condition (BP). Finally, we give two examples to illustrate the main result in this paper. Our results improve and extend the corresponding results given by some authors.
Introduction
In , Goebel and Kirk [] introduced the class of asymptotically nonexpansive selfmappings.
Let C be a nonempty subset of a real normed linear space E. A mapping T : C → C is said to be asymptotically nonexpansive if there exists a sequence {k n } ⊂ [, ∞) with lim n→∞ k n =  such that T n x -T n y ≤ k n x -y for all x, y ∈ C and n ≥ , and one proved the following.
Theorem GK If C is a nonempty closed convex subset of a real uniformly convex Banach space E and T : C → C is an asymptotically nonexpansive self-mapping, then T has a fixed point in C.
On the other hand, in , Schu [] introduced the modified Mann process to approximate fixed points of an asymptotically nonexpansive self-mapping defined on a nonempty closed convex and bounded subset C of a Hilbert space H as follows:
Theorem JS Let H be a Hilbert space and C be a nonempty closed convex bounded subset of H. Let T : C → C be a completely continuous and asymptotically nonexpansive mapping with the sequence {k n } ⊂ [, ∞) with lim n→∞ k n =  and ∞ n= (k  n -) < ∞. Let {α n } be a real sequence in [, ] satisfying the condition ε ≤ α n ≤  -ε for all n ≥  and for some ε > .
Then the sequence {x n } generated by ⎧ ⎨ ⎩ x  ∈ C arbitrarily, x n+ = ( -α n )x n + α n T n x n (JS)
for each n ≥  converges strongly to some fixed point of T.
In Theorem JS, the mapping T remains a self-mapping of a nonempty closed convex subset C of a Hilbert space H. If, however, the domain D(T) of T is a proper subset of H and T : D(T) → H is a mapping, the modified iteration {x n } defined by (JS) may fail to be well defined.
To overcome this situation, in , Chidume et al. [] introduced the concept of asymptotically nonexpansive nonself-mappings.
Let E be a real Banach space. A subset C of E is called a retract of E if there exists a continuous mapping P : E → K such that Px = x for all x ∈ C. Every closed convex subset of a uniformly convex Banach space is a retract. A mapping P : E → E is called a retraction if P  = P. It follows that, if a mapping P is a retraction, then Py = y for all y in the range of
Definition . Let C be a nonempty subset of a real normed linear space E. Let P : E → C be a nonexpansive retraction of E onto C. A nonself-mapping T : C → E is said to be asymptotically nonexpansive if there exists a sequence {k n } ⊂ [, ∞) with lim n→∞ k n =  such that
for all x, y ∈ C and n ≥ .
Also, Chidume et al.
[] introduced the following iteration scheme:
for all n ≥ , where {α n } ⊂ (, ), and proved some strong and weak convergence theorems for asymptotically nonexpansive nonself-mappings. We denote the set of fixed points of T by F(T) = {x ∈ C : Tx = x}.
Remark . If a mapping T : C → C is a self-mapping, then P becomes the identity mapping and so we have the following: () The nonself-mapping with (NSM) coincides with an asymptotically nonexpansive self-mapping. () The iteration defined by (.) coincides with the iteration defined by (JS).
Since the results of Chidume et al., some authors proved weak and strong convergence theorems for asymptotically nonexpansive nonself-mappings in Banach spaces (see
Let E be a real Banach space, C be a nonempty closed convex subset of E and P : E → C be a nonexpansive retraction of E onto E. Let T : C → E be an asymptotically nonexpan-sive nonself-mapping. Now, we define the iterative scheme {x n } as follows:
for all n ≥ , where {α n } ⊂ (, ) and {β n } ⊂ [, ]. In this paper, first, we introduce the condition (BP) which is weaker that the completely continuous mapping. Second, we introduce a new iteration (.) and prove some strong convergence theorems of the proposed iteration for an asymptotically nonexpansive nonself-mapping T : C → E with the condition (BP). Finally, we give two examples to illustrate the main result in this paper. Our results improve and extend the corresponding results given by some authors.
Some lemmas
For our main results, we need the following lemmas. 
Letting S  = S  = I, where I denotes the identity mapping, and
, we have the following. Then lim n→∞ x n -Tx n = .
Lemma . Let E be a real uniformly convex Banach space and C be a nonempty closed convex subset of E. Let T : C → E be an asymptotically nonexpansive nonself-mapping with
{h n } ⊂ [, ∞) such that ∞ n= (h n -) < ∞ and F(T) = ∅. Let {x n } be the sequence defined by (.), where {α n } ⊂ (, ) and {β n } ⊂ [, ). Then: () x n+ -p ≤ h  n x n -p for all p ∈ F(T); () lim n→∞ x n -p exists for all p ∈ F(T).
Lemma . Let E be a real uniformly convex Banach space and C be a nonempty closed convex subset of E. Let T : C → E be an asymptotically nonexpansive nonself-mapping with
Proof By Lemma ., we know that lim n→∞ x n -p exists for any p ∈ F(T). It follows that
n- y n -p} are all bounded, so there exists a real number R >  such that
for all n ≥ . It follows from (.) and Lemma . that
and so
is a continuous strictly increasing and convex function with g() = . By the conditions  < lim inf n→∞ α n and lim sup n→∞ α n < , we know that there exist a positive integer n  and two real numbers a, b
Since lim n→∞ x n -q exists, it follows from lim n→∞ h n =  that
Using the properties of g, we have
Since we have the conditions lim sup n→∞ β n <  and lim n→∞ h n = , there exist a positive integer m  and a real number s ∈ (, ) such that β n h n ≤ s for all n ≥ m  and
we have
Furthermore, from (.), (.), and
It follows from (.) and 
that lim n→∞ x n -Tx n = . This completes the proof.
The condition (BP)
Let E be a Banach space and T : E → E be a bounded linear operator. In , Browder and Petryshyn [] considered the existence of a solution of the equation
by the iteration of Picard-Poincaré-Neumann,
equivalently,
for each n ≥  and f ∈ E. In fact, in , Browder [] proved the following. Motivated by Theorem BP, we have the concept of the condition (BP) as follows: Let E be a real normed linear space, C be a nonempty subset of E and T : C → E be a mapping.
Theorem B

Definition . The pair (T, C)
is said to satisfy the condition (BP) if, for any bounded closed subset G of C, {z : z = x -Tx, x ∈ G} is a closed subset of E.
Let E and F be Banach spaces. Recall that a mapping T : E → F is completely continuous if it is continuous and compact (i.e., C is bounded implies that T(C) is relatively compact, i.e., T(C) is compact) or a weakly convergent sequence (x n → x weakly) implies a strongly convergent sequence (Tx n → Tx).
We give some relations between the condition (BP) and a completely continuous mapping as follows.
Proposition . Let E be a real normed linear space, C be a nonempty subset of E and T : C → E be a completely continuous mapping. Then the pair (T, C) satisfies the condition (BP).
Proof For any bounded closed subset G of C, we denote M = {z : z = x -Tx, x ∈ G}. For any z n ∈ M with z n → z, there exists x n ∈ G such that z n = x n -Tx n . Since T is completely continuous and the sequence {x n } is bounded, there exists a subsequence {x n k } of {x n } such
Furthermore, since T is a completely continuous mapping, we have
It follows from z + x  ∈ G that z ∈ M and so M is closed. This shows that the pair (T, C) satisfies the condition (BP) and so Proposition . holds. This completes the proof.
Remark . If the pair (T, C) satisfies the condition (BP), then T is not completely continuous in general.
Example . Let E = (-∞, ∞) with the usual norm | · | and C = {, ,
Then, for any bounded closed subset G of C, the set {z : 
Strong convergence theorems
Now, we prove strong convergence theorems for asymptotically nonexpansive nonselfmappings with the condition (BP) in real uniformly convex Banach spaces.
Theorem . Let E be a real uniformly convex Banach space and C be a nonempty closed convex subset of E. Let T : C → E be an asymptotically nonexpansive nonself-mapping with
for all n ≥ , where Proof Letting G = {x n }, where {x n } denotes the closure of {x n }, since the sequence {x n } is bounded in C by Lemma .() and so G is a bounded closed subset of C. Since the pair (T, C) satisfies the condition (BP), it follows that M = {z = x -Tx : x ∈ G} is closed. From {x n -Tx n } ⊂ M and x n -Tx n →  as n → ∞ by Lemma ., we know that the zero vector  ∈ M and so there exists a q ∈ G such that q = Tq. This shows that q is a fixed point of T. Since q ∈ G, there exists a positive integer n  such that x n  = q or there exists a subsequence {x n k } of {x n } such that x n k → q as k → ∞.
If x n  = q, then it follows from Lemma .() that x n = q for all n ≥ n  and so x n → q as n → ∞.
If x n k → q, then, since lim n→∞ x n -q exists, we have x n → q as n → ∞. This completes the proof.
Using Theorem . and Proposition ., we have the following. 
Corollary . Let E be a real uniformly convex Banach space and C be a nonempty closed convex subset of E. Let T : C → E be an asymptotically nonexpansive nonself-mapping with
{h n } ⊂ [, ∞) such that ∞ n= (h n -) < ∞
Examples
Now, we give two examples to illustrate Theorem . as follows.
Proposition . ([])
Let X be a Hilbert space and C = {x ∈ X : x ≤ r}, where r > . Let P : X → C be a mapping defined by
Then P is a nonexpansive retraction of X onto C.
Example . Let X = R n with the inner product x, y = n i= x i y i and the usual norm x = (
Then P is nonexpansive retraction of X onto C by Proposition .. Define a mapping T :
for all x = (x  , x  , . . . , x n ) ∈ C. Then we have
for all x = (x  , x  , . . . , x n ), y = (y  , y  , . . . , y n ) ∈ C, which shows that T is a nonexpansive nonself-mapping and so
Suppose that
It follows from the mathematical induction that T is an asymptotically nonexpansive nonself-mapping with the sequence {h n } defined by h n =  for each ≥ and F(T) = {(   , , . . . , )}. Now, we prove that the pair (T, C) satisfies the condition (BP). For any closed subset G of C, we denote M = {z = x -Tx : x ∈ G}. Then M is closed. Indeed, for any z n ∈ M with z n → z, there exists x n ∈ G such that z n = x n -Tx n . Since G is bounded closed in C and so G is compact. Therefore, there exists a convergence subsequence {x n k } of {x n }. Letting x n k → x  as k → ∞, we have x  ∈ G and it follows from the continuous property of T that
For any given x  ∈ C, define a sequence {x n } by , if x ∈ X -C.
Then P is a nonexpansive retraction of X onto C. Define a mapping T : C → X by 
